Abstract. We show that under some conditions on a family A ⊂ I there exists a subfamily A 0 ⊂ A such that A 0 is nonmeasurable with respect to a fixed ideal I with Borel base of a fixed uncountable Polish space. Our result applies to the classical ideal of null subsets of the real line and to the ideal of first category subsets of the real line.
Introduction
We use standard set theoretical notations. Among others, we denote by P (X) the family of all subsets of the set X. We denote by |X| the cardinality of the set X. We denote by [X] <ω the set of all finite subsets of X, by [X] ω the set of all countable subsets of X and finally by [X] ≤ω the set of all at most countable subsets of X. We denote by R the real line. If X is a topological space then we denote by B(X) the family of all Borel subsets of X. Suppose that I is a σ-ideal of subsets of X. We denote by B[I] the least σ-field containing B(X) ∪ I. Notice that B[I] = {B △ A : B ∈ B(X) ∧ A ∈ I}. We say that the set A ⊂ X is measurable with respect to the ideal I iff A ∈ B [I] .
Let I be an ideal of subsets of a topological space X. We say that I has a Borel base if for any A ∈ I there exists a Borel subset B of X such that B ∈ I and A ⊆ B. The ideal K of the first category subsets of the real line R has a Borel base, since every set from K can be covered by an F σ subset from K. The ideal L of Lebesgue measure subsets of the real line has a Borel base too, since every measure zero subset of the real line can be covered by a G δ subset of measure zero. The family B[L] is the family of Lebesgue measurable subsets of the real line and B [K] coincides with the family of all subsets of the real line which has the Baire property.
Definition 1.1. A pair (X, I) is a Polish ideal space if X is an uncountable Polish space, I ⊆ P(X) is a proper σ-ideal with a Borel base and [X]
≤ω ⊆ I. A triple (G, I, +) is Polish ideal group if (G, I) is a Polish ideal space, (G, +) is abelian topological group and the ideal is translation invariant.
Let (X, I) be a Polish ideal space. We denote by B + (I) the family B(X) \ I. Notice that if A ∈ B + (I) then |A| = 2 ω .
Definition 1.2. Let X = (X, I) be a Polish ideal space. We say that a set A ⊆ X is completely X -nonmeasurable if
Motivation of the above definition is as follows: let A ⊂ R be any Lebesgue measurable set then we can find a two Borel sets let say B 1 , B 2 ∈ B(R) such that B 1 ⊂ A ⊂ B 2 with B 2 \ B 1 ∈ L. Then the inner Lebesgue measure is equal to outer Lebesgue measure. But in a case when C ⊂ R is completely (R, L)-nonmeasurable set then the set C has the inner Lebesgue measure equal to 0 and the set C has full outer Lebesgue measure so the set C is not Lebesgue measurable.
Let X be an uncountable Polish space and let X = (X, [X] ≤ω ). Then X is a Polish ideal space. A set A ⊆ X is completely X -nonmeasurable set if and only if A is a classical Bernstein set. Therefore the above definition is a generalisation of a classical property.
An ideal I is c.c.c. if every family of pairwise disjoint non-empty I-positive Borel sets is countable. Now let (X, I) be a Polish ideal space with I c.c.c. and A ⊆ X. Let A be a maximal family of pairwise disjoint I-positive Borel sets contained in (1) add(I) = min{|C| :
Notice that if I is an ideal and
Suppose that (G, +) is and abelian group A, B ⊆ G and g ∈ G. Then we put A + g = {a + g : a ∈ A} and A + B = {a + b ∈ G : a ∈ A ∧ b ∈ B}. We call the set A + B the algebraic sum of the sets A and B.
Nonmeasurable unions of null sets
Suppose that A is a family of subsets of a set X and let x ∈ X. We put A x = {A ∈ A : x ∈ A}. We say that a family A ⊆ P (X) is point-finite if |A x | < ω for each x ∈ X. The classical Four Poles Theorem (see [1] ) says that if (X, I) is a Polish ideal space and A ⊆ I is a point-finite family such that A = X then there exists a subfamily B ⊆ A that B is (X, I)-nonmeasurable. The problem of the existence of subfamilies with a completely nonmeasurable unions was discussed in [10] , where a general theorem was proved for ccc σ-ideals with Borel base under the assumption of the non existence of quasi-measurable cardinal less or equal than continuum. In the ZFC theory the above problem was solved under some assumption on regularity of the family A (see [3] ). The complete nonmeasurability of the union of ,,small-point" family of subset was investigated in [2] . In this section we consider the unions of ,,big-point" families of the subsets of Polish ideal spaces.
Theorem 2.1. Let (X, I) be a Polish ideal space. Suppose that a family A ⊆ I has the following properties:
(
Then there exists a subfamily
Suppose that α < 2 ω , let D α = {d ξ : ξ < α} and that we have built a sequence ((A ξ , d ξ )) ξ<α such that for all ξ < α we have
so, from assumption (1), we get
Let us fix any
This show that there exists a sequence satisfying properties (1) and (2) .
Finally, let us put A 0 = {A ξ ∈ A : ξ < 2 ω }. Let B be any set from B + (X). Then there exists ξ < 2 ω such that B = B ξ . From (1) we deduce that B ξ ∩ A 0 = ∅ and from (2) we deduce that B ξ \ A 0 = ∅. Therefore A 0 is a completely (X, I)-nonmeasurable set.
Theorem 2.2. Let (X, I) be a Polish ideal space. Suppose that a family A ⊂ I satisfies the following conditions:
Then there exists a subfamily
Proof. Let B + (I) = {B ξ : ξ < 2 ω }. For Z ⊂ X we put A Z = {A ∈ A : A ∩ Z = ∅}. Let us consider the two alternative possibilities:
Case P1. We will construct by the transfinite induction a sequence ((A α , d α )) α<2 ω with the following properties:
Suppose that α < 2 ω and that we have constructed a partial sequence ((A ξ , d ξ )) ξ<α with satisfies the above conditions (restricted to α).
Therefore by the condition P1 we have A Dα ∈ I. Let us fix
Then the sequence ((A ξ , d ξ )) ξ<α+1 also satisfies the the above three conditions. This show that a required sequence exists. It is easy to check that the union of the family Suppose first that D / ∈ I. Then D is a nonmeasurable set, since otherwise D would contain some perfect set, which is impossible (|D| <
, so for every B ∈ B + (I) we have B \ A 0 = ∅. This implies that the set A 0 is (X, I)-nonmeasurable.
Suppose now that D ∈ I. Without loss of generality we may assume that
Suppose that α < 2 ω and that a sequence ((A ξ , d ξ )) ξ<α satisfies the above three conditions. Let us observe that for any ξ < α we have
. Then the sequence ((A ξ , d ξ )) ξ<α+1 satisfies the three inductive assumptions. Therefore the sequence ((A α , d α )) α<2 ω with the above three properties exists. It is easy to check that the union of the family {A α : α < 2 ω } is (X, I)-nonmeasurable.
Nonmeasurable algebraic sums of null sets on Polish groups
In this section we will consider nonmeasurability in abelian Polish groups. Namely, the union of the translations of some subset from some fixed σ -ideal with Borel base which contains all singletons.
It is well known that so called Four Poles Theorem see [1] is in some sense the best we can get in ZFC. In case of families that are not point-finite the complete (X, I)-nonmeasurability is independent of ZFC theory including countable point families also see [7] . Then in general case we need additional set theoretic assumptions as in the paper [2] for example: Theorem 3.1 (ZF C + cov(I) = 2 ω ). Let (X, I) be a Polish ideal space and let A ⊂ I be such that:
Then there exists subfamily A 0 ⊂ A such that union A 0 is completely (X, I)-nonmeasurable.
But in special cases if we adopt some regularity conditions on our families then the results on nonmeasurability can be proved in the theory ZFC (see [3] ). In this section we will introduce the notion of tiny perfect set with respect to a family of subsets of the Polish space. This gives some regularity of the family of subsets A and finally cov h (A) = 2 ω . Here we are would like present the probably well known lemma on translation. The proof of this lemma was inspired by Ryll-Nardzewski.
Lemma 3.1. Let (G, L) be a Polish ideal group with a Haar measure λ and let P erf (G) be a family of all perfect sets in
Moreover, if P ∈ P erf (G) and B ∈ B + (G) then
Proof. Let µ be a regular measure defined on perfect set P such that µ(P ) = 1 and let
where B is a Borel set such that λ(B) > 0. Let us observe that
Let us consider the product measure λ × µ. Then we have:
Then, by Egglestone theorem (see [9] and [11] ) there are two perfect sets P 1 , P 2 such that λ(P 1 ) > 0 and P 1 × P 2 ⊂ D. Note that 
Definition 3.1. Let (G, I) be a Polish ideal group, and let A ⊂ P(G).
A perfect set P ⊂ G is a tiny perfect set with respect to A if
Lemma 3.2. Let (G, I) be a Polish ideal group and let A ⊂ I. Suppose that there exists a tiny set with respect to the family
Proof. Let us consider any I positive Borel set B ∈ B + (I) and any tiny perfect set P with respect to our family A ⊂ I. Then there exists a translation x 0 + P of P for some x 0 ∈ G such that |(P + x 0 ) ∩ B| = 2 ω by Lemma 3.1. Let us choose any
ω and we have (B ∩ (x 0 + P ) \ A 0 = ∅.
Proposition 3.1. Let (G, I) be a Polish abelian group and let A ⊂ I be such that A 0 is completely (G, I) -nonmeasurable set in G.
Proof. The result follows from Theorem 2.1 and Lemma 3.2.
Proposition 3.2. Let (G, I) be a Polish abelian group and let A ⊂ I be such that Proof. The result follows from Theorem 2.2 and Lemma 3.2.
We present some applications of the above Propositions.
Proof. Let A be family of all lines in R n . Then for all x, y ∈ R n if x = y then |{l ∈ A : x ∈ l} ∩ {l ∈ A : y ∈ l}| = 1 ≤ ω and |{l ∈ A : x ∈ l}| = 2 ω .
Let us observe that the unit Euclidean sphere S is a tiny perfect set with respect to the family A. So, we get the theorem from Proposition 3.1.
Remark 3.2 (Given by referee). Even the a stronger statement (with parallel lines)
is simple: if A ⊂ R n−1 is completely nonmeasurable, then so is A × R. Proof. The proof is analogous to the previous one, but here we use Proposition 3.2 for the first statement.
In the above example we have the situation where our family is a set of one dimensional circles. But under some additional assumptions we can get the assertion for arbitrary finite dimension of the spheres. Unfortunately here we cannot use our Propositions so proof will be a bit longer. 
Proof. Let us enumerate the set of all positive Borel sets B + (L) = {B α : α < 2 ω } and for any α let us assume that we have defined a transfinite sequence: (A ξ , d ξ ) ∈ A × B ξ : ξ < α with the following conditions:
(1) (∀ξ < α)(A ξ ∩ B ξ = ∅), (2) {d ξ : ξ < α} ∩ {A ξ : ξ < α} = ∅. Now let us choose any x ∈ B α \ {d ξ : ξ < α}. For every ξ < α let H ξ be the perpendicular bisector hyperplane of the segment connecting x and d ξ . Let us consider the set H = {H ξ ⊂ R n : ξ < α}.
By Lemma 3.2 a Lebesgue positive set cannot be covered by H. Then there exists a positive real r > 0 and y ∈ R n such that x ∈ S(y, r) ∈ A and S(y, r) ∩ {d ξ : ξ < α} = ∅.
Since our family A is a tiny with respect to any line in R n , by Lemma 3.2 there exists d ∈ B α \ ξ<α+1 A ξ and let d α = d. So we have built a sequence (A ξ , d ξ ) ∈ A × B ξ : ξ < α + 1 of length α + 1 which satisfies the following conditions:
(1) (∀ξ < α + 1)(A ξ ∩ B ξ = ∅), (2) {d ξ : ξ < α + 1} ∩ A ξ : ξ < α = ∅. Therefore, by the transfinite induction, we can have the analogous sequence with the length 2 ω and then putting A 0 = {A ξ : ξ < 2 ω } we get the assertion.
From now we will consider nonmeasurability of Cantor-like sets where crucial role is played by packing dimension which is closely related to coverings of the real line see [4] , [5] , [8] .
It was proved in [2] that there exists subset A of the classical Cantor set C such that A + C is completely ([0, 2], L)-nonmeasurable. This proof was done by the ultrafilter method. Here we give a new proof of this theorem under some additional set theoretical assumption. Proof. Notice that C 3 + C 3 = R. Moreover C 3 and their translations are null sets. Therefore we have to check that the second condition in Theorem 3.1 holds. Let us observe that H = {x ∈ R : |{n ∈ ω : x(n) = 0}| < ω} ∈ L. Let A = {t + C 3 : t ∈ C 3 } and D(x) = {n ∈ ω : x(n) = 0}. Let x ∈ R \ H and let us suppose that t ∈ C 3 is such that x ∈ t + C 3 . Then for every n ∈ D(x) we have t(n) = 0 (2 + 0 = 2 and 2 + 2 = 1) and for every c ∈ C 3 we have t(n) + c(n) ∈ {0, 2}. But |D(x)| = ω for every x ∈ R \ H, so {y ∈ R : ∀n ∈ D(x) y(n) ∈ {0, 2}} ∈ L, hence A x ⊂ {y ∈ R : ∀n ∈ D(x) y(n) ∈ {0, 2}} ∈ L for every x ∈ R \ H. Let us observe that R \ H ⊂ x∈R\H A x and that the set x∈R\H A x has a full measure. So the second condition of the Theorem 3.1 is satisfied, which finishes the proof.
Using the same method we can prove an analogous theorem for the classical Cantor subset of the real line in the theory ZF C + cov(L) = 2 ω .
Theorem 3.6 (Darji, Keleti [8] ). If a set C ⊂ R has packing dimension less than 1 then for any positive measure Borel set B and any T ⊂ R such that |T | < 2 ω we have B \ (T + C) = ∅.
The above theorem is a generalisation of Gruenhage's theorem about the classical Cantor set. It is important to note that assumption on packing dimension is necessary (see [4] , [5] ).
